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Abstract: As we learned already, there is the quantum —Brownian motion generated by the quantum fluctuation in

vacuum. According to the Langevin equation of fluctuation path g , We have derived the new quantum-Brownian

o A =22 A
motion with variance 2m

; and the solution of this Langevin equation is a Brownian bridge. And then

we have suggested the new theory of Brownian bridge path integral of a free particle, which gives the best

description for wave particle dualism.
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INTRODUCTION

Why did a free particle have probability distribution?
Is there trajectory of a free particle? We should go
further into these questions. The independent —
incremental process of production and annihilation of
virtual particle pairs in vacuum fluctuation be called
as quantum-Brownian motion, but the quantum-
diffusional coefficient Dy be not calculated by
anyone. In this paper, we have derived .=t as the
starting point of our theory.

I. Quantum-Brownian Motions of Vacuum
Fluctuation and Free particle

A.The Quantum-Brownian Motions of Vacuum
Fluctuation

We known that {A |t>0}and{A |t> 0} respectively
represent production operator and annihilation

operator of virtual particle pairs in vacuum[2], and

Qt:A*JrA’tZO ’ (la)
the quantum-Brownian motion is defined by
A A= @ +0), (1b)

where (8, +0.)is called the quantum white noise W .
In this paper,first,we think the following functional
equation [2]
(A" +A)p=By ()¢ (1c)
should be a operator equation,where @ is functional
wave function.The operators (A +A) and Bo(t) act

on @ of two sides in equation (1c), which should be
equal to the product of the fluctuation energy of
virtual particle pairs and functional wave
function @ .Therefore, we conclude that equation
(1c)should be astochastic differential equation.

B. The Quantum-Brownian Motion of a Free
particle

i). The mean square displacement of quantum-
Brownian motion of a free particle

According to Einstein’s views B!: The success of
statistical interpretation of wave mechanics means
that the motion of the particle has the property of
Brownian motion. And we have learned that the

classical field ¢ at a given point behaves like a
Brownian particle . There is the white noise
generated by quantum fluctuations, which leads to the
Brownian motion of the classical field ¢ . For T and

#i both finite, there must be the thermal and quantum
fluctuations, and the fluctuating path in the path
integral obeys a “Langevin equation” ™. From these
views we will research into the quantum Brownian
motion for a free particle. On the boundary between a
particle and vacuum can generate the non-zero

stochastic vacuum energy  Bo(t) , vacuum

momentum Py (t) and pressure, which are generated

by the virtual particles in vacuum fluctuation.
We will further give a new Langevin equation

dx, _ _ 1 B®
rm U(X(t),t)—(c) ot (1d)

Where B, is the independent-incremental
process of the energy of virtual particle pairs in
production and annihilation processes, which
describes the quantum fluctuation of vacuum energy.
Therefore, the quantum-Brownian motion Bo() is
actually Gaussian-stochastic process of the energy
change for virtual particle pairs. Equation (1d) can
be rewritten as the following form®!
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dx(t) Po (t) (1¢)

v(x(t).t) =

WhICh is just that the fluctuating path in the path
integral obeys a stochastic differential equation
@ P(t) (1f)

—o(x(®),1) = ,
(19)

or dx(r) v(x(r),7) = P(T)

which is analogous to the classical Langevin
equation. The momentum P®in equations(le,1f,19)
plays the role of the noise with the correlation
function !

<P@)P(t) >=—-imas(t-t), @)

which has the same correlation function as the
white noise. Because t=-ir and s(ax) =a'5(x), thus
Eq.2 becomes
(P(2)P(r")) = —imhd[(~iz) — (-iz)] = —imrdl(~i)(z — )]

=(-i)ma(-i) " o(r —7') =mhd(r —1') (3)
Equation (1g) has the solution as following form

P(s) PG 4 (@)

Obviously the last term in Eq.4 shows that the
positional fluctuation of a particle deviating from its
classical path, and the mean-square-displacement of a
particle can be calculated by using the following
method

O —XOF = de, [ dr, o)) = [ e, [ o (P(T1 )(P(n?))

~[lan] drz{%}: [N drz{(a)ts(zl —o)

Now we transform the integral variables into
r,-7,=7 and 7,(0<z,<z-7) , which shows in
Figurel, thus we have

X= x0+ur+j

T2

Figure 1. The integral region is equal to 2 times the size
of the following triangle.

2 dr [ ar, (%)5@‘) - 2(%)(r—r') [ 6()dr

= 2(ﬁjr ) ’a‘(r')dr'—z(ﬁj [.7s@de’
m) Jo m <o

2(l]r
2m
In Eq.6, we have used the properties of & -
functionl®

jo £8(r)dr =0

©)

, @)
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Since r5(z)=0 and  [o('W'= 1,

inserting Eq.6 into Eq.5, we get
— 5
@) -xO)F = 2(5]? (8)

Eq.8 is the mean square displacement of the
guantum-Brownian mation for a free particle.
Comparing with the Einstein’s Brownian
motion, the mean square displacement is
{x(t) - x(0)¥ = 2Dt, 9)

where D=k7T is the diffusion coefficient for thermal

fluctuation. Thus, we can conclude that (%)EDQ in
Eq.(8) should be interpreted to be the diffusion
coefficient for quantum fluctuation. Comparing the
diffusion coefficient D:k% for thermal fluctuation and
the diffusion coefficient 0= for quantum
fluctuation, they have extremely interesting symmetry.

Since the fluctuation path in the path integral
obeys the Langevin Eq.1, thus we can think a
guantum-mechanical particle behaves like a
“Brownian particle”. And the momentum o in Eq.1
plays the role of the Gaussian white noise, which
leads to the “Brownian motion” of a quantum-
mechanical particle.

ii). The solution of quantum-Brownian motion
equation-Brownian bridge

We see in Eq.(8) that the mean-square-root
deviation 0y of the quantum-Brownian
motion of a free particle should be

) 1
={2(—)7}*. 10
{ (Zm)r} (10)
Because P® in (1b) plays the role of the noise,
. dB(z)
we may write P()=W(r) = a0 (11a)
Thus, we can rewrite the solution (4) of Langevin
equation (19) as the follwing
11b)
a cP(s) o ! (
x—x0+ur+jo?ds—x0+ur+qu

where Xf"q" should be considered as Brownian bridge,

which should be the fluctuation Brownian paths
deviating from classical path (X +v7) between two
points a©@ and ..,

BROWNIAN BRIDGE PATH INTEGRAL
OF AFREE PARTICLE

We think a free particle moving in Brownian bridge
is the conditional stochastic process. We have
calculated the conditional expectation for the
probabilty amplitudes of a free particle moving along
respective possible Brownian bridge paths d(t) to the
probability amplitude of boundary interval (a"-d).
Thus we have yet obtained the amplitude distribution
of the modulated plane wave, and its modulation
factor is also Gaussian function. We have given the
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best description for wave particle dualism and some
new interpretations on wave function.

A. Rewrite Feynman’s Path Integral by using
Brownian Bridge

Any possible path at) of a free particle moving in
Brownian bridge must pass through two boundary
points ©a) and (t,,d") as shown in figure2.

qlt)=a()+5"

Figure 2. Where we let q(t) be a lot of Brownian bridge
paths, @ be average classical trajectory. Let (Q',t) and
(9",t") be the two possible boundary points on q(t), and X, be

path fluctuations deviating from classical trajectory q(t) .

Let q(t) be the classical trajectory of a free particle,
and we may give the new sense for formula
a(t) = a) +x", (12)
where we let X*'% be Brownian bridge, which may
be difined by the following formula [¢]

- t
th’q :Bt+ql+t_(q"_ql_Bto)' (13)

0
Let X" =g %" =09" and X" may be
written as X,. Put tO<t <t, <---<t <t =t ,, at
t'=0 and t"=t,q(t) must pass through two
boundary points (0,9") and (t.9")-Now, we let a()
be any Brownian bridge trajectory of a free particle,
X, be the path fluctuations of a free particle

deviating from the average classical trajectory @
We will rewrite Feynamn’s path integral by using
Brownian bridge M6 As shown in figure 2, a free
particle starting from the initial point ©.a) can arrive
the given end point (,.9") along all the possible paths
qt) of Brownian bridge. There are the probability

i
amplitudes e(;)s[q“)] and phase change along

respective bridge paths d®). There is only sample
probability amplitude for single choosing path, but no
probability BM°1. And the probalility density of a free
particle moving in Brownian bridge should obtain
from its transition probability amplitude in Brownian
bridge path integral.

B.Brownian Bridge Path Integral
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The action along any Brownian bridge path a®
between (0,4") and (%,9") should bel"!

S[a®]=S[a(t)]+S[x]. (14)

The total probablity amplitude of a free particle
starting from the initial point (0,d") to end point
(t.a")  should obtain by using the coherent
superposition of the respective probability
amplitudes along all the possible paths of Bronian
bridge. The total probability amplitude is the
transition probability amplitude of a free particle
moving in Brownian bridge, thus we have

<q"t"| 0t >= [ g laOIDaE ™, (15)
where 9q[AM] is the superposmon coefficient, which
should be the conditional Gaussian function. The
probability amplitudes along respective bridge paths
q(t) are

. _ e (16)
o S1A0T _ S0 eéﬁ“%m[ﬁmﬂt
7.[ 7mq(t) dt —mq(t).[ dx —J —m;qul
Differentiating(13), we have
"q-B
d)g:dB‘erdt,
0
17)
2(q"-q'-B B, (
dx? = (dB,) + « tq "’)dtdB‘ [q T Jdtdt
0 0

Because dtdB, =0,dtdt =0, and
(dx)* = (dB,)* = 2Dydt, (18)
where Dq is the quantum diffusion coefficient, we
have proven that the variance 573 of positional
fluctuation of a free particle in quantum-Brownian
motion is

X(@)—x(0)) = ( ij 2Dz, (19)
where 7 =it. Thus, we may write

. n+l

im .. Atl

— lim » 2Dy—-

th—mz Q At
=e i

im fto (dx,)? im (to (dB, )? im
eﬂjﬂ dt — e%J.O dt — e?h(n+l)2DQ
in formula (16). Therefore, by using the view point of
Brownian bridge, the Brownian bridge path integral
(15) of a free particle can be re-written as

(20)

s[a(t)] s

g [q(t)]ﬁq(t)e“ ma) o,

<qt” | J‘ " 0" im(n+1)2D, qu‘q[X‘]e ' Jﬂ DX‘
erI am dte 2h

which shows that the integration variable has
changed from Brownian bridge path a® to the path

fluctuation X, deviating from average -classical

trajectory q(t).
In formula (20), we rewrite

e LTS s
ma) o, @limi(xrxj{) @limz“j 1)
h 0 =e j= e j= ,
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we see in (21) that the path fluctuation X, can be

considered as the sum of many independent
increments 2x;. Inserting (21) into (20), we have

im
<q"t"|q't'>= ez" £ g2 h(m)z%

Imq(t)llm AXj
J.gq"\q‘[Axi’AXZ'.”Axn+1]e ” Hnﬂd(AX ) (22)
where the conditional Gaussian function 9q[%]
should be written as the follwing form [51110]

-1

& l46] ef(q“fq‘)ZMDQ(t"ft‘)

wJ=TT | @
(W (272D, (t"-1)")?

The mathematical form of Brownian bridge path
integral (20) is analogous to the calculation of the
conditional expectation for the probability
amplitudes along respective Brownian brigde paths
a® to the probability amplitude of boundary
interval (q"-q)".

We integrate respectively to each independent
increment 14x| of path fluctuation in (22), by using
Strotonovich stochastic integral, which has usual
integral method, we have

1 1
2 P 12
r 1 L0 1 220? [P (u-iojA)?
Ly = e e " Td|AX = {Zae " e ‘du},
o ,J:[ 2”0_1_1] el ,'27[:7]2 (2o J.’“

gq"\q‘[AXI’AXZV "

(24)
where u=!2l ;_ma® 4 91 hus we can
20, h 20;

write
1= e au=["e“de, (25)
where & =U—io;4,du=d¢, thus we have
12 = j - j " e @ g edy, (26)
By using polar coodinates, we obtain

2 _ [P [F o _ ® —r? 4.2
1?=[ [ e rdrdo=x[ e dr’ =7, (27)
therefore

1

I, = [ J Qo) (28)

! ,fZ;r

Inserting (28) into (22), we obtain

<qntu|q.t|>:
N Ci i B %
i ()d ﬂ(n+1)zn g ‘B nil 1 »
e2hI ‘e Q . 2 (201-\/;)6 i
(JazD,(t"-t))2 | ™ ,[27701.

(29)
According to the formula (8) of quantum diffusion
coefficient

.
= _2D =2 Al t,
(Ax) a Az, [ ]I t;,and xt [2m]l
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We can rewrite (29) as the following form

<q"t"|q't'>=
, ~(a"-q)” B l
im mﬁ @t Mo, e4DQ(l"fl‘) n+l
ez'Joq ent e, 1 H 2 (20 \/—)
(JarDy(t"-t))2 | = \/ 7o
,{LF [2[%}%}

el =
-(a"-q)* B i 72|{mq(l) J
Dy (1)

ezr NTO) mef(m)o e’ (2«/—0' ) . 2

Jsz

(37D, (1) :

1 ~(a"-q)? B

] (2\/;0'2 )eiTrzn("ﬂ) Do g™ 0
Xt

NZPAGEY))

eZ”I (x) dt— za

ol

I

,’27r0'f[

(30)

where Gi is the variance of path fluctuation X;
of a free particle. Take note of

@31)

) a(r)
—lEt —EET _E{Em[ T ] }
e =e’" =e

h N
1.9@ | A’ .,
2 ¢ | h z(ﬁ)r -a(z)

=e m g \n) —g %%

Because the linear operation of Gaussian

processes should be also Gaussian process ! thus
the probability amplitudes of a free particle moving
along paths a(t), X and q(t) in Brownian bridge
should have the same Gaussian distribution.

Therefore, we may rewrite (30) as the following
form

<q"r"|q' >=
~(@™-a)’ B

1

1D, (r"—7) 2 -1 P i

(2\ro? )8” B e T ! e {eﬁpwﬁa}
(J37D, (=) 2 1’27[0'3

(32)
where o7 is the positional variance of a free particle

moving in average classical trajectory a().
C.Transmiting Amplitude Wave Function in
Brownian Bridge

According to Huygens-Fresnel principle of
transmiting amplitude wave w(x,t)™
w06 = [ <3t Xt > p(x, ), (332)

we may rewrite formula (32), let 9'(z") and q"(z")
are the variable boundary points, and q(z) is

variable average classical trajectory in Brownian
bridge. Thus, we have
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-(a"-q9°
1 4Dqg (+"-7) d(q"-q)

(,[47rD ("7 )z

1

v @@)=] <d@)l@"-q)>

im 2 7%2 [J—1
—(2\/;af)e"<"”m°[ = ] e {eﬁ"“(”*; } j‘(q )
\2rc? Ia"-a)l

~(q"-q)’ N ~(a"q)’

4Dq(e"-7) 4Dg ("—1)

: ; : o (33b)
(JBD=7)) | | (BT =7))?
which is multiplied by marginal probability

amplitude on two sides of formula (32), and
integrating for the following boundary condition [°1:
the probability density
f{[1(@"-a)|+o,]=00,7} =0, (33¢)
which shows that the fluctuating boundary distance
[1(@"-q")|+0,] keep finite values.

We see in (33b) that the integral result on left
side should be the amplitue wave function (q(z)),

side is O,. Thus,

——2
z [
1 2 {ezr, PCI(T)hET}

PG)
20,
JZ/IG,ZJ ?
(34)

which is just the modulated plane wave, and the
amplitude modulation foctor is also Gaussian
function, the peak is at q(r)=0, when
o, »0y(a()is & —functional wave packet 8] | its
width is 2e.. which should diffuse with time 7 as
Gaussian wave packet, as shown in figure3.

and integral result on right
formula (33b) becomes

V/(@) = (2\/;0§)e%(n+1)oo [

v (q(0)
3

0

Figure 3. The peak of w(q(x) is at a® =0, w(q(z)) is
& -functional wave packet, when o, —0.

CONCLUSION

As mentioned above, we have rewritten Feynman’s
path integral into Brownian bridge pach integral,
which is the best description for wave particle
dualism. First, we can clearly desribe the stochastic
motions of a free particle on respective possible
sample bridge paths a¢®), path fluctuations X, and
average classical trajectory q(-), and we think these
stochastic motions of a free particle in Brownian

» (7]
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bridge should be its quantum Brownian motion.
Next,we think respective probability amplitudes
eis[qml of a free particle moving along respective
Brownian bridge paths a(z) are the periodic sample
functions of stochastic process in Brownian bridge.
And these sample bridge paths q(z) and
correponding sample amplitude functions in
stochastic Brownian bridge process should be
simultaneous 11 | thus, we can take the coherent
superposttion to calculate the conditional expectation
in Brownian brigde path integral; and we can explain:
Why did a free particle have the non-locatized
connection and entangled state? It is just due to that
these different sample bridge paths d(z) and
corresponding sample probability amplitudes of a
free particle are simultaneous 1 in stochastic
Brownian bridge process.

Comparing schradinger equation
d  d? or ih ) (35)
at? " o amm
and diffusion equation

4= Dd—zw (36)
dt ax®> '

FUth and L.F.Favella had proven that equations
(35)and(36)are analogous™.

Now, we can strictly prove that schr&linger
equation is actually Fokker-Planck equation with
quantum-diffusional  coefficient. ~We  rewrite
schradinger equation for a free particle as the
following form

.0
Ihaqo(x,t) _(7) 40( t), (37a)
which may rewrlte as
in, 0
—o(x.t)= (7) 20, (37b)
comparlng equatlons (11)and(13b) we have
=iD, (37¢)

where DQ |5]u5t the quantum-diffusional coeffivient
in quantum-Brownian motion for a free
particle.Rewriting (37b) as following form

2

2 p(x7) = (0) 2 p(x,1) =Dy =5 p(x), (38)

which is just Fokker-Planck equation with quantum-
diffusional coefficient Dq,and its solution should be
the transfer probability amplitude of the quantum-
Brownian motion for a free particle.Thus,we can
conclude that schr&dinger eguation is actually
Fokker-planck equation with quantum-diffusional
coefficient Dy.
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